o Jo Taking the terms on the right hand side in order, the first is the return from human capital, or permanent human income; the second is the return from the difference between human capital owned in the present and discounted bequests, and can be called permanent nonhuman income. We shall call the sum of these terms permanent income, yP, and write Evidently, consumption grows steadily at a growth rate g which is positive or negative as r is greater than or less than 3. If we interpret 3 as the consumer's internal rate of discount, we have growth which is proportional to the difference between the internal and external rates of interest.
If we substitute (6) back into the budget constraint the proportionality relationship (4) follows immediately and we now have with k = x{(exp x-1)rL}1 (7)
x = (g-r)L = (qr-3)OL.
It is clear that we have sacrificed a considerable amount of the generality of the Modigliani/ Brumberg approach in order to get this far. However, one may perhaps hope that the dependence of k on r in this formulation is not untypical. Since x is always at least as small as (exp x-1), and since both are zero when x is zero, k is always positive for positive r and L. Furthermore, k is greater than or less than the reciprocal of rL as x is less than or greater than zero, i.e. as consumption grows slower or faster than the rate of interest. The meaning of this is clear; if g is equal to r, the consumer with L years to live will consume the Lth part of his total (discounted) resources in the current period. This may be thought of as the " neutral " situation; if g is less than r there is a bias towards greater present consumption, if g is greater than r, the opposite is true. But from (7), the inequality relationship between g and r is equivalent to that between ilr and 6. This is reasonable; the product of i and r is a measure, in terms of utility, of the benefits of postponing consumption whereas 3 is a measure of the cost.
The effects of changes in the rate of interest on consumption may now be studied directly, first via their effects on k and second via their effects on yP. Differentiating and if x is negative the opposite inequalities hold. In either case the derivative is given by the product of a positive and a negative quantity and is thus negative for all x. This is the normal intertemporal substitution effect caused by shifts in the rate of interest changing the relative price of present vis-'a-vis future consumption. The analysis of the income effect is more complex and no definite result can be achieved without specifying the exact times at which the consumer expects his receipts and payments to occur. If we regard permanent income as the return on a capital sum formed by discounting income streams (i.e. nonhuman wealth is the title to specified future receipts and payments), then Thus, though in specific cases we may predict the net effects, in general, changes in the rate of reproduction of wealth (and hence in the value of wealth) give rise to two conflicting forces on current consumption, the relative size of which is not uniformly predictable.
It is possible to go on to discuss further the implications of this model but unless we admit uncertainty great demands will be made of the reader's credulity. But without the perfect certainty assumptions the model is not a viable framework for analysing wealth effects on consumption. Nevertheless, much of the model can be modified to meet our purpose.
While we admit that knowledge of income streams over the remainder of the life-span is normally unavailable, we accept that consumption plans are made some distance into the future. Permanent income is thus still an operative concept though it loses much of its exactness; this is no great disadvantage in empirical work as neither of the theoretical formulations above has a directly available equivalent. All we shall require below is that permanent income responds partially to current measured income and this is consistent with any length of planning horizon. We may further redefine the rate of reproduction of wealth as a long term expectational variable; we let it be that rate at which the consumer expects his assets to accumulate due to interest, dividends, and capital gains over his planning period. This rate will not now correspond to any observable rate, though once again we should expect it to be responsive to currently observed changes in events. Even so, if the planning period is long, it will probably vary little and then but slowly.
Having made these reservations, we might then be tempted to put the proportionality hypothesis to the test, either with k fixed or with k dependent on some interest rate variable. However, this would be to ignore one major modification yet needed; it is necessary to take account of the effects of uncertainty on the need to hold assets.
It is not at all obvious how this should be done. One possibility is to introduce a priori probability distributions of income and revaluations and allow the consumer to maximize the expected value of his utility function, now modified so as to include the consumer's attitude towards risk. This method, while of value in situations involving pure risk (i.e. portfolio selection), is of little use for dealing with the more general uncertainty which is involved here. This is too intangible to be characterized by a known set of probabilities attached to the various possible events; the probabilities themselves are subject to as much uncertainty as are the events.
A second possibility is to introduce the market value of wealth into the utility function and this has the advantage of making direct acknowledgement of the fact that consumers derive present utility from the possession of assets. Nevertheless, the difficulty of specification remains extreme. The optimal level of wealth will depend not only upon consumption preferences and the degree of uncertainty, but also on age, marital status, number of children, and many other factors. Permanent income will also enter this formulation, as once again the budget constraint must be satisfied. We may thus write w* = m(a, b)yP ... (9) where an asterisk denotes a " desired " or optimal level and m is a function (with the dimension of time) of age a, and other relevant variables b. We thus hypothesize that, under uncertainty, the consumer will attempt to reconcile the two possibly conflicting consumption plans within his current budget constraint. Note first that this way of stating the problem is consistent with our second possibility, that of including wealth in the utility function. One can perhaps imagine a hierarchic system of utility maximization; the consumer derives his optimal consumption plan, ignoring wealth and uncertainty, and his optimal asset plan, ignoring all but the most insistent needs of present consumption. He then uses some tradeoff function to determine his actual behaviour. In this situation one would expect to find the value of k greater than the observed consumption/income ratio and the value of m greater than the observed wealth/income ratio.
Second, note that the formulation (10) includes the Modigliani-Brumberg perfect certainty model as a special case. This is when the consumer is either perfectly certain about the future or chooses to ignore uncertainty altogether. Here any wealth plan will be as good as any other wealth plan as far as (10.2) is concerned and (10.1), i.e. consumption plans alone, will determine his behaviour. In this case the value of m is derivable directly from k and the time profile of actual income receipts; this derivation is actually done by Modigliani and Brumberg. In the above formulation, however, the consumer is allowed more general behaviour and his need to optimize consumption over time can be modified by his need to protect himself by holding assets.
We cannot now develop the micro-model further without specifying the function m. It is neither practical nor useful to do this-any formulation general enough to be credible would almost certainly be unmanageable-and we shall instead continue by postulating a possible aggregation of equations (10) and from there developing a complete and empirically testable model. where the suffix refers to a particular age group and superimposed bars denote arithmetic means. Since we shall be estimating the model over quarterly data with a relatively short time span in all, it seems reasonable to assume that the age group shares in total permanent income are relatively constant. In any case, given the nature of the indices involved, this is unlikely to be a major source of error. Equally we should still expect the relationship between k and r to exist in a modified but similar form between E and r. Permanent income is assumed to be generated in the usual way, i.e. where E` is the backward shift operator and A is the aggregate elasticity of income expectations. Note that no single consumer is assumed to conform to this relationship; no matter how each unit arrives at its estimate of permanent income, in aggregate (12.1) is assumed to hold. We are also here assuming constancy of r; more will be said of this below. Note that income is only an incidental determinant of consumption; the important determining variables are permanent income, permanent wealth and total available resources. The relative importance of permanent income and permanent wealth is determined by the size of the parameter a, which, as we have seen, may be regarded as a measure of the importance of uncertainty. The function (15) is not dissimilar to that proposed by Stone [9] where consumption was postulated to be a function of the permanent and transient components of both wealth and income. This gave rise to six independent parameters as opposed to four in (15), i.e. (al, a2, a3 and A); this reduction is due to the " tighter " specification of our model and is of great value in avoiding problems of multicollinearity in estimation. In order to fit equation (15) it was assumed that the parameters al, a2 and a3 remained constant throughout the data period. The level of 7, the rate of inflation, was held fixed at the average quarterly rate over the relevant period. The equation was estimated over a relatively short span of eleven years, 1955 to 1966, and over such a period we feel justified in ignoring changes in population, population structure, and tastes. Though rates of interest were not constant, when dividends and capital gains are taken into account along with the probability of long planning horizons and slowly changing expectations, the effects on k are probably small enough to ignore. Similarly an ingrained expectation of price rises at just over 3 per cent. per year seems reasonable. One further assumption was made; since the model is being fitted quarterly, there is probably less error involved in letting actual revaluations stand proxy for the expected revaluations of (15) than in attempting to estimate some much more complex (and largely arbitrary) expectational process.
III. THE AGGREGATE MODEL AND EMPIRICAL RESULTS
Quarterly, seasonally adjusted, data on consumption, excluding purchases of consumer durables, on prices and on personal disposable income were taken from [2] ; quarterly estimates of depreciation were made based on the annual data from [1] , and these were deducted from the income series to give incomes net of depreciation. Allowance was also made for depreciation to consumer durables which themselves were included in the wealth stock. Data on quarterly personal wealth were taken from Roe [7] , the series being based on the pioneering work of Revell [6] , a work without which this sort of analysis would be impossible. Revaluations were calculated by deducting savings from the observed changes in the market value of wealth after allowing for depreciation. No attempt was made to seasonally adjust either this or the wealth series. Both sets of data are dominated by revaluations in stock and bond market assets and given the possibilities for arbitrage in both markets, it would be surprising were a true seasonal pattern allowed to persist. Any pattern detected by a mechanical adjustment mechanism would thus be almost certainly spurious.
To generate a fittable equation, (15) quarters or five and a quarter years. Since the product of r and L is, on average, of the order of unity, this value of k would represent for an individual consumer, the " neutral " consumption case discussed above. This would be a very appealing simplification of the perfect certainty model. Furthermore, the observed ratio of wealth to income over the period was on average slightly less than four years; thus these two values satisfy exactly the theoretical properties required of them above.
The values of ) and ,u are perhaps less satisfactory. The very low estimate of ) implies a somewhat longer planning horizon than introspection would lead one to expect, and permanent income adjusts very slowly to measured income. On the other hand, the estimate of ,t is high; one is reluctant to believe that the destabilizing behaviour implied actually exists. More plausibly, either wealth has been incorrectly aggregated, or, since , is not significantly different from unity, permanent wealth is not distinguishable from actual wealth. This latter possibility was tested by re-estimating the model with ,I constrained to be unity. This gave new values of the other parameters as follows, with R2 = 099685. The F-test associated with the imposition of the constraint takes the value 1-18 which is highly favourable for the constraint. We conclude then that the introduction of the concept of permanent wealth does not lead to any significant increase in our ability to explain aggregate consumption.
At this point it is necessary to insert a number of important statistical caveats. Even when ,u is constrained to take the value unity, the parameter estimate of ) is largely determined by the relationship between the dependent variable and lagged values of itself. In the presence of serial correlation, the estimates (particularly that of A) could be subject to considerable bias even in OLS regression and though it is difficult to assess the properties of the estimates when non-linear techniques are used we are probably safe in assuming that matters are worse, not better. That autocorrelation exists is incontestable; the lag transforms used will generate a first or second order moving average error term, depending on whether or not it is constrained. But this assumes that the initial error is non-autocorrelated and in work on consumption functions this is unlikely to be so. This is not because of behavioural considerations but rather because of the possibility of consistent underestimation of personal income in the national income statistics. This would add a further dimension to the serial correlation problem. Finally, it is clear that the wealth series is probably subject to considerable errors of measurement which would not only cause trouble on their own account but would be echoed in the revaluation series.
The proper inclusion of all these possibilities into the structure of the model is clearly a major task, and its successful completion is beyond the scope of this paper. Equally it is not clear that minor corrections of the estimating equations or of the estimating procedure will substantially improve the parameter estimates. It would seem best therefore to accept the values tabulated as provisional and to accept modifications when more work has been done on the specific sources of error enumerated above.
We can use the estimates to derive the parameters of equations (16 we imagine a situation in which all company profits are retained, and in which the stock market causes paper values to correspond to real values, then household net worth will grow at the rate of growth of the capital stock; if this rate of growth is equal to the rate of growth of real disposable income households will not save. In this case saving and investment are equilibriated within the company sector. Even when this is not so, (20) leaves plenty of scope for the savings ratio to adapt to whatever ratio of growth is taking place. It is clear that there is a role for both the rate of interest and the rate of inflation in this mechanism and the equation highlights part of the contribution of these variables towards the growth process. A full analysis would require specification of corporate saving and investment functions and there is no wish to trespass so far afield in this paper.
In the tables which follow some values calculated from (20) are presented. The function seems well behaved and note that values within the normal range of experience are very close to those actually observed. It is important to note how very responsive the savings ratio is to the growth rate; for example, with p = 0 005 and 7t = 0-008, a 12-6 per cent. annum growth rate in real personal disposable income will induce a savings ratio of over 28 per cent. compared with just over 8 per cent. at a growth rate of 3 2 per cent. The higher figures, though calculated on UK data, show a remarkable resemblance to recent Japanese experience. In the light of these results it would seem very unlikely that growth, in this or any other similar country is being or has been retarded by an inadequate household savings ratio.
